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ALGEBRAIC DEPENDENCE OF COMMUTING ELEMENTS IN
ALGEBRAS
SERGEI SILVESTROV, CHRISTIAN SVENSSON, AND MARCEL DE JEU
Abstrat. The aim of this paper to draw attention to several aspets of the
algebrai dependene in algebras. The artile starts with disussions of the
algebrai dependene problem in ommutative algebras. Then the Burhnall-
Chaundy onstrution for proving algebrai dependene and obtaining the or-
responding algebrai urves for ommuting dierential operators in the Heisen-
berg algebra is reviewed. Next some old and new results on algebrai depen-
dene of ommuting q-dierene operators and elements in q-deformed Heisen-
berg algebras are reviewed. The main ideas and essene of two proofs of this
are reviewed and ompared. One is the algorithmi dimension growth exis-
tene proof. The other is the reent proof extending the Burhnall-Chaundy
approah from dierential operators and the Heisenberg algebra to the q-
deformed Heisenberg algebra, showing that the Burhnall-Chaundy eliminant
onstrution indeed provides annihilating urves for ommuting elements in
the q-deformed Heisenberg algebras for q not a root of unity.
1. Introdution
In 1994, one of the authors of the present paper, S. Silvestrov, based on on-
sideration of the previous literature and a series of trial omputations, made the
following three part onjeture.
• The rst part of the onjeture stated that the BurhnallChaundy type
result on algebrai dependene of ommuting elements an be proved in
greater generality, that is for muh more general lasses of non-ommutative
algebras and rings than the Heisenberg algebra and related algebras of
dierential operators treated by Burhnall and Chaundy and in subsequent
literature.
• The seond part stated that the BurhnallChaundy eliminant onstrution
of annihilating algebrai urves formulated in determinant (resultant) form
works well after some appropriate modiations for the most or possibly for
all lasses of algebras where the BurhnallChaundy type result on algebrai
dependene of ommuting elements an be proved.
• Finally, the third part of the onjeture stated that the onstrution and the
proof of the vanishing of the orresponding determinant algebrai urves on
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the ommuting elements an be performed for all lasses of algebras or rings
where this fat is true, using only the internal struture and alulations
for the elements in the orresponding algebras or rings and the algebrai
ombinatorial expansion formulas and methods for the orresponding de-
terminants, that is, without any need of passing to operator representations
and use of analyti methods as used in the BurhnallChaundy type proofs.
This third part of the onjeture remains widely open with no general suh
proofs available for any lasses of algebras and rings, even in the ase of the usual
Heisenberg algebra and dierential operators, and with only a series of examples
alulated for the Heisenberg algebra, q-Heisenberg algebra and some more gen-
eral algebras, all supporting the onjeture. In the rst and the seond part of
the onjeture progress has been made. In [6℄, the key BurhnallChaundy type
theorem on algebrai dependene of ommuting elements in q-deformed Heisenberg
algebras (and thus as a orollary for q-dierene operators as operators representing
q-deformed Heisenberg algebras) was obtained. The result and the methods have
been extended to more general algebras and rings generalizing q-deformed Heisen-
berg algebras (generalized Weyl strutures and graded rings) in [7℄. The proof in [6℄
is totally dierent from the BurhnallChaundy type proof. It is an existene argu-
ment based only on the intrinsi properties of the elements and internal struture
of q-deformed Heisenberg algebras, thus supporting the rst part of the onjeture.
It an be used suessfully for an algorithmi implementation for omputing the
orresponding algebrai urves for given ommuting elements. However, it does not
give any spei information on the struture or properties of suh algebrai urves
or any general formulae. It is thus important to have a way of desribing suh
algebrai urves by some expliit formulae, as for example those obtained using the
BurhnallChaundy eliminant onstrution for the q = 1 ase, i.e., for the lassial
Heisenberg algebra. In [11℄, a step in that diretion was made by oering a number
of examples all supporting the laim that the eliminant determinant method should
work in the general ase. However, no general proof for this was provided. The
omplete proof following the footsteps of the Burhnall-Chaundy approah in the
ase of q not a root of unity has been reently obtained [8℄, by showing that the
determinant eliminant onstrution, properly adjusted for the q-deformed Heisen-
berg algebras, gives annihilating urves for ommuting elements in the q-deformed
Heisenberg algebra when q is not a root of unity, thus onrming the seond part
of the onjeture for these algebras. In our proof we adapt the Burhnall-Chaundy
eliminant determinant method of the ase q = 1 of dierential operators to the q-
deformed ase, after passing to a spei faithful representation of the q-deformed
Heisenberg algebra on Laurent series and then performing a detailed analysis of the
kernels of arbitrary operators in the image of this representation. While exploring
the determinant eliminant onstrution of the annihilating urves, we also obtain
some further information on suh urves and some other results on dimensions and
bases in the eigenspaes of the q-dierene operators in the image of the hosen
representation of the q-deformed Heisenberg algebra. In the ase of q being a root
of unity the algebrai dependene of ommuting elements holds only over the enter
of the q-deformed Heisenberg algebra [6℄, and it is unknown yet how to modify the
eliminant determinant onstrution to yield annihilating urves for this ase.
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The present artile starts with disussions of the algebrai dependene problem
in algebras. Then the Burhnall-Chaundy onstrution for proving algebrai de-
pendene and obtaining orresponding algebrai urves for ommuting dierential
operators and ommuting elements in the Heisenberg algebra is reviewed. Next
some old and new results on algebrai dependene of ommuting q-dierene op-
erators and elements in the q-deformed Heisenberg algebra are disussed. In the
nal two subsetions we review two proofs for algebrai dependene of ommuting
elements in the q-deformed Heisenberg algebra. The rst one is the reent proof
from [8℄ extending the Burhnall-Chaundy approah from dierential operators
and the Heisenberg algebra to q-dierene operators and the q-deformed Heisen-
berg algebra, showing that the Burhnall-Chaundy eliminant onstrution indeed
provides annihilating urves for q-dierene operators and for ommuting elements
in q-deformed Heisenberg algebras for q not a root of unity. The seond one is the
algorithmi dimension growth existene proof from [6℄.
2. desription of the problem: ommuting elements in an algebra are
given, then find urves they lie on
Any two elements α and β in a eld k lie on an algebrai urve of the seond
degree F (x, y) = (x − α)(y − β) = xy − αy − βx + αβ = 0. The important fea-
ture of this urve is that its oeients are also elements in the eld k. The same
holds if the eld k is replaed by any ommutative k-algebra R, exept that then
the oeients in the annihilating polynomial F are elements in R, and hene it
beomes of interest from the side of building interplay with the algebrai geometry
over the eld k to determine whether one may nd an annihilating polynomial with
oeients from k for any two elements in the ommutative algebra R. It is well-
known that this is not always possible even in the ase of the ordinary ommutative
polynomial algebras aver a eld unless some speial onditions are imposed on the
onsidered polynomials. The situation is similar of ourse for rational funtions or
many other ommutative algebras of funtions. The ideals of polynomials annihi-
lating subsets in an algebra are also well-known to be fundamental for algebrai
geometry, for Gröbner basis analysis in omputational algebra and onsequently for
various appliations in Physis and Engineering.
Another appearane of this type of problems worth mentioning in our ontext
omes from Galois theory and number theory in onnetion to algebrai and tran-
sendental eld extensions. If L is a eld extension K ⊂ L of a eld K, then using
Zorn's lemma one an show that there always exists a subset of L whih is maximal
algebraially independent over K. Any suh subset is alled transendene basis
of the eld L over the subeld K (or of the extension K ⊂ L). All transendene
bases have the same ardinality alled the transendene degree of a eld extension.
If B = {b1, . . . , bn} is a nite transendene basis of K ⊂ L, then L is an algebrai
extension of the subeld K(B) in L generated by B over the subeld K. This
means in partiular that for any l ∈ L the set {B, l} is algebraially dependent
over K, that is, there exists a polynomial F in n + 1 indeterminates over K suh
that F (b1, . . . , bn, a) = 0. Investigation of algebrai dependene, transendene ba-
sis and transendene degree is a highly non-trivial important diretion in number
theory and theory of elds with striking results and many longstanding open prob-
lems. For example, if algebrai numbers a1, ..., an are linearly independent over
Q, then ea1 , ..., ean are algebraially independent over Q (Lindemann-Weierstrass
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theorem, 1880's). Whether e and π are algebraially dependent over Q or not is
unknown, and only relatively reently (1996) a long-standing onjeture on alge-
brai independene of π and epi was onrmed [13℄. Comprehensive overviews and
referenes in this diretion an be found in [14℄.
In view of the above, naturally important problems are to desribe, analyze and
lassify:
(C1) ommutative algebras over K in whih any pair of elements is algebraially
dependent over K;
(C2) pairs (A,B) of a ommutative algebra A and a subalgebra B over a eld
K suh that any pair of elements in A is algebraially dependent over B.
Problem (C1) is of ourse a speial ase of (C2).
In the polynomial algebra K[x1, . . . , xn] generated by n independent ommuting
indeterminates, for instane the set {x1, . . . , xn} as well as any of its non-empty
subsets are algebraially independent over K. Thus K[x1, . . . , xn] does not belong
to the lass of algebras in the problem (C1). The same holds of ourse for any
algebra ontaining K[x1, . . . , xn]. In general algebrai dependene of polynomials
happens only under some restritive onditions on the rank (or vanishing) of their
Jaobian and other ne aspets.
This indiates that some prinipal hanges have to be introdued in order to
be able to get examples of algebras satisfying (C1) or (C2). It turns out that the
range of possibilities expands dramatially within the realm of non-ommutative
geometry, if the indeterminates (the oordinates) are non-ommuting.
In any algebra there are always ommutative subalgebras, for instane any sub-
algebra generated by any single element. If the algebra ontains for instane a
non-zero nilpotent element (an = 0 for some n > 2), then the subalgebra generated
by this element satises (C1). Indeed, any two elements f1 = ap(a) + p0 and f2 =
aq(a)+q0 in this ommutative subalgebra are annihilated by F (s, t) = (q0s−p0t)
n
,
sine F (f1, f2) = (q0f1 − p0f2)
n = an(q0p(a)− p0q(a))
n = 0.
For the non-ommutative algebras the problems inspired by C1 and C2 are to
desribe, analyze and lassify:
• (NC1) algebras over a eldK suh that in all their ommutative subalgebras
any pair of elements is algebraially dependent over the eld;
• (NC2) pairs (A,B) of an algebra A and a subalgebra B over a eld K suh
that any pair of ommuting elements in A is algebraially dependent over
B.
Problem (NC1) is of ourse a speial ase of (NC2).
From the situation in ommutative algebras as desribed above, one might intu-
itively expet that nding non-ommutative algebras satisfying (NC1) is diult if
not impossible task. However, this pereption is not quite orret. One of general
purposes for the present artile is to illuminate this phenomena.
3. Burhnall-Chaundy onstrution for differential operators
Among the longest known, onstantly studied and used all over Mathematis
non-ommutative algebras is the so alled Heisenberg algebra, also alled Weyl
algebra or Heisenberg-Weyl algebra. It is dened as an algebra over a eld K with
two generators A and B and dening relations AB − BA = I, or equivalently as
H1 = K 〈A,B〉 / 〈AB −BA− I〉, the quotient algebra of a free algebra on two
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generators A and B by the two-sided ideal generated by AB − BA − I where I is
the unit element.
It's ubiquity is due to the fat that the basi operators of dierential alulus
A = D = d
dx
and Mx : f(x) 7→ xf(x) satisfy the Heisenberg algebra dening rela-
tion DMx−MxD = I on polynomials, formal power series, dierentiable funtions
or any linear spaes of funtions invariant under these operators due to the Leibniz
rule. On any suh spae, the representation (D,Mx) of the ommutation relation
AB − BA = I denes a representation of the algebra H1, alled sometimes, espe-
ially in Physis, the (Heisenberg) anonial representation. We will use sometimes
this term as well, for shortage of presentation.
If K is a eld of harateristi zero, then the algebra
H1 = K 〈A,B〉 / 〈AB −BA− I〉
is simple, meaning that it does not ontain any two-sided ideals dierent from zero
ideal and the whole algebra. The kernel Ker(π) = {a ∈ A | π(a) = 0} of any
representation π of an algebra is a two-sided ideal in the algebra. Thus any non-
zero representation of H1 is faithful, whih is in partiular holds also for a anonial
representation. Thus the algebraH1 is atually isomorphi to the ring of dierential
operators with polynomial oeients ating for instane on the linear spae of all
polynomials or on the spae of formal power series in a single variable.
In the literature on algebrai dependene of ommuting elements in the Heisen-
berg algebra and its generalizations  a result whih is fundamental for the algebro-
geometri method of onstruting and solving ertain important non-linear partial
dierential equations  one an nd several dierent proofs of this fat, eah with
its own advantages and disadvantages. The rst proof of suh result utilizes ana-
lytial and operator theoretial methods. It was rst disovered by Burhnall and
Chaundy [2℄ in the 1920's. Their artiles [2, 3, 4℄ ontain also pioneering results
in the diretion of in-depth onnetions to algebrai geometry. These fundamental
papers were largely forgotten for almost fty years when the main results and the
method of the proofs of Burhnall and Chaundy were redisovered in the ontext
of integrable systems and non-linear dierential equations [9, 10, 12℄. Sine the
1970's, deep onnetions between algebrai geometry and solutions of non-linear
dierential equations have been revealed, indiating an enormous rihness largely
yet to be explored, in the intersetion where non-linear dierential equations and
algebrai geometry meet. This onnetion is of interest both for its own theoretial
beauty and beause non-linear dierential equations appear naturally in a large
variety of appliations, thus providing further external motivation and a soure of
inspiration for further researh into ommutative subalgebras and their interplay
with algebrai geometry.
A seond, more algebrai approah to proving the algebrai dependene of om-
muting dierential operators was obtained in a dierent ontext by Amitsur [1℄ in
the 1950's. Amitsur's approah is more in the diretion of the lassial onnetions
with eld extensions we have already mentioned. Reently in the 1990's a more
algorithmi ombinatorial method of proof based on dimension growth onsidera-
tions has been found in [5, 6℄. The main motivating problem for these developments
was to desribe, as detailed as possible, algebras of ommuting dierential opera-
tors and their properties. The solution of this problem is where the interplay with
algebrai geometry enters the sene. The Burhnall-Chaundy result is responsible
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for this onnetion as it states that ommuting dierential operators satisfy equa-
tions for ertain algebrai urves, whih an be expliitly alulated for eah pair
of ommuting operators by the so alled eliminant method. The formulas for these
urves, obtained from this method by using the orresponding determinants, are
important for their further analysis and for appliations and further development
of the general method and interplay with algebrai geometry.
In the rest of this setion we will briey review the basi steps of the Burhnall
Chaundy onstrution. For simpliity of exposition until the end of this setion we
assume that the eld of salars is K = C.
Commutativity of a pair of dierential operators
P =
m∑
i=0
pi(t)∂
i, Q =
n∑
i=0
qi(t)∂
i
where pi, qi are analyti funtions in t and ∂ :=
d
dt , puts severe restritive onditions
on the funtions pi and qi. In its original formulation the result of Burhnall and
Chaundy an be stated as follows.
Theorem 3.1 (BurhnallChaundy, 1922). For any two ommuting dierential
operators P and Q, there is a polynomial F (x, y) ∈ C[x, y] suh that F (P,Q) = 0.
The polynomial appearing in this theorem is often referred to as the Burhnall
Chaundy polynomial.
It is worth mentioning that in their papers Burhnall and Chaundy have neither
speied any onditions on what kind of funtions the oeients in the dierential
operators are, nor the spaes on whih these operators at. Thus more preise for-
mulations of the result should ontain suh a speiation. Any spae of funtions
where the onstrution is valid would be ne (e.g., polynomials or analyti funtions
in the omplex domain). Algebrai steps in the onstrution are generi. However
in order to reah the main onlusions on the existene and annihilating property
of the urves, the Burhnall-Chaundy onsiderations use existene of solutions of
an eigenvalue problem for ordinary dierential operators and the property that the
dimension of the solution spae of a homogeneous dierential equation does not
exeed the order of the operator. To ensure these properties, oeients of dier-
ential operators must be required to belong to not very restritive but nevertheless
spei lasses of funtions.
We will now sketh Burhnall-Chaundy onstrution for the onveniene of the
reader and in onnetion with further onsiderations in the present artile. In
spite of the fat that the Burhnall-Chaundy arguments atually do not onstitute
a omplete proof due to some serious gaps, they provide important insight for
building annihilating urves whih an be developed into a omplete proof and a
well funtioning onstrution after appropriate adjustments and restruturing.
If dierential operators P and Q of orders m and n, respetively, ommute then
P −h and Q ommute for any onstant h ∈ C. Thus Q(Ker(P −h)) ⊆ Ker(P −h).
Consequently, if y1, . . . , ym is a basis of Ker(P−h), the fundamental set of solutions
of the eigenvalue problem for the dierential equation P (y)−hy = 0 (note that the
existene and the dimension properties of the solution spae are assumed to hold
here), then Q(y1), . . . , Q(ym) are also elements of Ker(P −h) and hene Q(~y) = A~y
for some matrix A = (ai,j)
m
i,j=1 with entries from C. Let k ∈ C be another arbitrary
onstant. A ommon nonzero solution, Y = ~cT~y,~c ∈ Cn, of eigenvalue problems
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PY = hY, QY = hY , or equivalently a nonzero Y ∈ Ker(P−h)∩Ker(Q−k), exists
if and only if (Q− k)Y = ~c T (A− k)~y = 0 has a nonzero solution ~c, whih happens
only if det(A−k) = 0. This is a polynomial in k of orderm and hene orresponding
to eah h there exists only m values of the onstant k (not neessarily all distint)
suh that there exists nonzero Y ∈ Ker(P − h) ∩Ker(Q− k) Note that here it was
used that the salar eld is algebraially losed. Similarly, orresponding to eah
k there exists n values of h suh that Ker(P − h) ∩ Ker(Q − k) 6= {0}. From this
Burhnall and Chaundy onlude that if Ker(P −h)∩Ker(Q−k) 6= {0}, then h and
k satisfy some polynomial equation F (h, k) = 0, where F is a polynomial of degree
n in h and m in k with oeients from C. There is however a problem with this
key onlusion. Surely, the equation h = 2k + sin(k) gives a bijetion between the
h's and the k's, but the resulting urve is not algebrai. Thus as we already pointed
out, substantial adjustments are neessary in order to rearrange these arguments
into a funtioning onstrution and a omplete proof. Suppose, however, that the
proper adjustments have been made, and that a polynomial F with the above
annihilating properties has been found. Then, any Y ∈ Ker(P − h) ∩ Ker(Q − k)
is also a solution of the dierential equation F (P,Q)Y = F (h, k)Y = 0 whih
is of order mn unless it happens that F (P,Q) = 0. Thus there an be at most
mn linearly independent Y ∈ Ker(P − h) ∩ Ker(Q − k). Note that here again a
spei property of the dimension of the solution spae of a dierential equation is
assumed to hold. For eah h there exists k suh that Ker(P−h)∩Ker(Q−k) 6= {0}.
Sine the eld C is innite (note that it is another speial property of the eld),
one an hose innitely many pairwise distint numbers h with orresponding k
and nonzero funtions Yh,k ∈ Ker(P − h) ∩ Ker(Q − k). But any nonempty set
of eigenfuntions with pairwise distint eigenvalues for a linear operator is always
linearly independent. Thus the dimension of the solution spae Ker(F (P,Q)) is
innite. But this ontradits to the already proved Ker(F (P,Q)) ≤ mn unless
F (P,Q) = 0. Therefore, indeed F (P,Q) = 0 whih is exatly what was laimed.
A beautiful feature of the Burhnall-Chaundy arguments in the dierential op-
erator ase, however, is that they are almost onstrutive in the sense that they
atually tell us, after taking a loser look, how to ompute suh annihilating urves,
given the ommuting operators. This is done by onstruting the resultant (or elim-
inant) of operators P and Q. We sketh this onstrution, as it is important to
have in mind for this artile. To this end, for omplex variables h and k, one writes:
∂r(P − h1) =
m+r∑
i=0
θi,r∂
i − h∂r, r = 0, 1, . . . , n− 1(1)
∂r(Q − k1) =
n+r∑
i=0
ωi,r∂
i − k∂r, r = 0, 1, . . . ,m− 1(2)
where θi,r and ωi,r are ertain funtions built from the oeients of P and Q
respetively, whose exat form is alulated by moving ∂r through to the right of
the oeients, using the Leibniz rule. The oeients of the powers of ∂ on the
right hand side in (1) and (2) build up the rows of a matrix exatly as written.
That is, as the rst row we take the oeients in
∑m
i=0 θi,0∂
i − h∂0, and as the
seond row the oeients in
∑m+1
i=0 θi,1∂
i−h∂, ontinuing this until k = n− 1. As
the nth row we take the oeients in
∑n
i=0 ωi,0∂
i − k∂0, and as the (n+ 1)th row
we take the oeients in
∑n+1
i=0 ωi,1∂
i − k∂ and so on. In this manner we get a
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(n+m)×(n+m)-matrix using (1) and (2). The determinant of this matrix yields a
trivariate polynomial F (x, h, k) over C. When written as F (x, h, k) =
∑
i δi(h, k)x
i
,
it an be proved, using existene and uniqueness results for ordinary dierential
equations, that δi(P,Q) = 0 for all i. It is not diult to see that the δi are not all
zero.
For larity, we inlude the following example.
Example 3.2. Let P and Q be as above, with m = 3 and n = 2. We then have
F (x, h, k) =∣∣∣∣∣∣∣∣∣∣
p0,0(x) − h p0,1(x) p0,2(x) p0,3(x) 0
p1,0(x) p1,1(x) − h p1,2(x) p1,3(x) p1,4(x)
q0,0(x)− k q0,1(x) q0,2(x) 0 0
q1,0(x) q1,1(x)− k q1,2(x) q1,3(x) 0
q2,0(x) q2,1(x) q2,2(x)− k q2,3(x) q2,4(x)
∣∣∣∣∣∣∣∣∣∣
.
Remark 3.3. Thus the pairs of eigenvalues (h, k) ∈ C2 orresponding to the same
joint eigenfuntion, i.e., orresponding to the same non-zero y suh that
Py = hy and Qy = ky,
lie on urves Zi dened by the δi. There is a ditionary between ertain geometri
and analyti data [12℄ allowing in partiular onstrution of ommon eigenfuntions
for ommuting operators using geometri data assoiated to the ompatiation
of the annihilating algebrai urve.
BurhnallChaundy result for operators with polynomial oeients an be re-
formulated in more general terms for the abstrat Heisenberg algebraH1 rather than
in terms of its spei anonial representation by dierential operators. This spe-
ialization of oeients to polynomials does not inuene the BurhnallChaundy
onstrution of the annihilating algebrai urves. Thus restriting to this ontext
does not eet the main ingredients needed for building the interplay with algebrai
geometry. At the same time, when moreover reformulated entirely in the general
terms of the algebra H1, this speialization beomes a generalization in another
way, beause establishing algebrai dependene of ommuting elements diretly in
the Heisenberg algebra, without passing to the anonial representation, makes the
result valid not just for dierential operators, but also for any other representations
of H1 by other kinds of operators.
Theorem 3.4 ("BurhnallChaundy", algebrai version). Let P and Q be two
ommuting elements in H1, the Heisenberg algebra. Then there is a bivariate poly-
nomial F (x, y) ∈ C[x, y] suh that F (P,Q) = 0.
4. BurhnallChaundy theory for the q-deformed Heisenberg
algebra
Let K be a eld. If q ∈ K then Hq = HK(q), the q-deformed Heisenberg algebra
over K, is the unital assoiative K-algebra whih is generated by two elements
A and B, subjet to the ommutation relation AB − qBA = I. Though this
algebra sometimes is also alled the q-deformed Weyl or q-deformed Heisenberg-
Weyl algebra in various ontexts, we will follow systematially the terminology in
[6℄. We will indiate how one an prove that - under a ondition on q - for any
ommuting P,Q ∈ Hq of order at least one (where order will be dened below),
ALGEBRAIC DEPENDENCE OF COMMUTING ELEMENTS IN ALGEBRAS 9
there exist nitely many expliitly alulable polynomials pi ∈ K[X,Y ] suh that
pi(P,Q) = 0 for all i, and at least one of the pi is non-zero. The number of
polynomials depends on the oeients of P and Q, as well as on their orders.
The polynomials pi an be obtained by the mentioned before so-alled eliminant
onstrution whih was introdued for dierential operators (the ase of q = 1) by
Burhnall and Chaundy in [2, 3, 4℄ in 1920's, and whih we will employ and extend
to the ontext of general q-deformed Heisenberg algebras showing that analogous
determinant (resultant) onstrution of the annihilating algebrai urves works for
q-deformed Heisenberg algebras well.
We assume q 6= 0 throughout (our method breaks down when q = 0) and dene
the q-integer {n}q, for n ∈ Z, by
{n}q =
{
qn−1
q−1 q 6= 1;
n q = 1.
Following [6, Denition 5.2℄ we will say that q ∈ K∗ = K \ {0, 1} is of torsion type
if there is a positive integer solution p to qp = 1, and of free type if the only integer
solution to qp = 1 is p = 0. In the torsion type ase the least suh positive integer
p is alled the order of q and in free type ase the order of q is said to be zero. If
q = 1 then it is said to be of a torsion type if K is a eld of non-zero harateristi,
and of free type if the eld is of harateristi zero.
Remark 4.1. The following are equivalent for q 6= 0:
(1) for n ∈ Z, {n}q = 0 if and only if n = 0;
(2) for n1, n2 ∈ Z, {n1}q = {n2}q if and only if n1 = n2;
(3)
{
q is not a root of unity other than 1, if char k = 0;
q is not a root of unity, if char k 6= 0.
Part (2) of this remark is essential when one onsiders the dimension of eigenspaes
for q-dierene operators whih is important for our extension of the Burhnall-
Chaundy onstrution.
Note also that under our assumptions K is innite.
Let L be the K-vetor spae of all formal Laurent series in a single variable t
with oeients in K. Dene
M(
∞∑
n=−∞
ant
n) =
∞∑
n=−∞
ant
n+1 =
∞∑
n=−∞
an−1t
n,
Dq(
∞∑
n=−∞
ant
n) =
∞∑
n=−∞
an{n}qt
n−1 =
∞∑
n=−∞
an+1{n+ 1}qt
n.
Alternatively, one ould introdue L as the vetor spae of all funtions from Z to
K and let M at as the right shift and Dq as a weighted left shift, but the Laurent
series model is more appealing.
The algebra Hq has {I, A,A
2, . . .} as a free basis in its natural struture as a left
K[X ]-module with X mapped to B.
So an arbitrary non-zero element P of Hq an be written as
P =
m∑
j=0
pj(B)A
j , pm 6= 0,
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for uniquely determined pj ∈ K[X ] and m ≥ 0. The integer m is alled the order
of P (or degree with respet to A) [6℄.
By sending A to Dq and B to M , L beomes an Hq-module. If we make the
additional assumption that {n}q 6= 0 or equivalently q
n 6= 1 for all non-zero n ∈ Z,
then this representation is faithful [6, Theorem 8.3℄.
We will assume that q 6= 0 and {n}q 6= 0 for n 6= 0 throughout this paper and
identify Hq with its image in EndK(L) under the previously dened representation
without further notie. In the image ofHq under the representation, {1, Dq, D
2
q , . . .}
is a free basis in its natural struture as a left K[X ]-module with X being mapped
to M , and so any P an be written as
P =
m∑
j=0
pj(M)D
j
q, pm 6= 0,
for uniquely determined pj ∈ K[X ] and m ≥ 0. The integer m is alled the order
of P .
The important result in the ontext of this artile is an extension of the Burhnall
Chaundy theorem in algebrai version for the q-deformed Heisenberg algebra Hq,
due to Hellström and Silvestrov [6, Therem 7.5℄.
Theorem 4.2 (HellströmSilvestrov, [6℄). Let q ∈ K∗ = K \ {0}, and let P and Q
be two ommuting elements in Hq. Then there is a bivariate polynomial F (x, y) ∈
Z(Hq)[x, y], with oeients in the enter Z(Hq) of Hq, suh that F (P,Q) = 0.
If q is not a root of unity ({n}q are dierent for dierent n), the enter of Hq is
trivial, i.e., onsists of salar multiples of the identity Z(Hq) = KI. Thus in this
ase there exists a "genuine" algebrai urve over the salar eld K as Theorem 4.2
takes the following form [6, Theorem 7.4℄.
Theorem 4.3 (HellströmSilvestrov, [6℄). Let q ∈ K∗ = K \ {0} be of free type,
and let P and Q be two ommuting elements in Hq. Then there is a bivariate
polynomial F (x, y) ∈ K[x, y], with oeients in K, suh that
F (P,Q) = 0.
Note however, that when q is of torsion type and order d (i.e., d is the smallest
positive integer suh that qd = 1), then the enter is
Z(Hq) = K[A
d, Bd],
the subalgebra spanned by {Ad, Bd}, where d is the order of q, the minimal positive
integer suh that qd = 1 ([6, Corollary 6.12℄). The onlusion of Theorem 4.3, that
is the algebrai dependene of ommuting elements over the eld K, does not hold
for q of torsion type, sine if p is the order of q, then α = Ap and β = Bp ommute,
but do not satisfy any ommutative polynomial relation. Thus in this ase Theorem
4.2 has indeed to be invoked.
The proof of Theorem 4.2 as given in [6℄ is purely existential. However, while it
says essentially nothing theoretially on the form or properties of the annihilating
urves, the onstrution used in the proof atually provides an expliit omputa-
tionally implementable algorithm for produing annihilating polynomials.
A speialization of a part of the general onjeture made by S. Silvestrov in 1994
is that the determinant sheme devised by Burhnall and Chaundy ould be used
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to alulate the polynomial even in the ase of Hq. The Burhnall-Chaundy elim-
inant onstrution adaptation to Hq and a series of examples, indiating that the
onstrution indeed yields annihilating algebrai urves for ommuting elements
in Hq, was rst presented in [11℄. But no full proof of the onjeture that this
adaption is possible for all ommuting elements of Hq was given. Even though
a diret generalization of the lassial arguments of Burhnall and Chaundy was
attempted some important tehnial steps were missing. The main reason why
an analogous proof for q-dierene operators (i.e., elements in Hq) is problem-
ati is that the solution spae for q-dierene equations may not in general be as
well-behaved as for ordinary dierential operators, and the proof of the lassial
BurhnallChaundy theorem relies heavily on properties of the solution spaes to
the eigenvalue-problems for the dierential operators P and Q.
Nevertheless, in the ase of q of free type we have sueeded now to extend the
original Burhnall-Chaundy eliminant method to the q-dierene operators and
hene to Hq. Roughly speaking, the key tehnial idea is to hoose an appropriate
representation spae for the anonial representation of Hq generated byMx, Dq, so
that the neessary key ingredients about dimensions of eigenspaes of q-dierene
operators in the Burhnall-Chaundy type proof are still available. The module L
introdued above has all these properties. It is thus that, for q of free type, we
again have a determinant based onstrution providing annihilating urves. The
omplete proofs will be presented in [8℄; they are onsiderably more involved than
the original work by Burhnall and Chaundy.
An extension of the result and the Burhnall-Chaundy type onstrution to the
ase of q of torsion type, i.e., when Hq has non-trivial enter, is still not available.
This is just one of many reasons why another proof of the possibility of adapting
to Hq the determinant onstrution of the annihilating urves, relying on purely
algebrai methods, i.e., without passing to a spei representation of Hq, is desir-
able. The existene of suh proof is a speialization to Hq of the third part of the
aforementioned general onjeture by S. Silvestrov.
4.1. Eliminant determinant onstrution for q-deformed Heisenberg alge-
bra. In this setion we will briey outline our extension of the Burhnall-Chaundy
result and onstrutions to the q-dierene operators, or to the abstrat algebra
ontext of the q-deformed Heisenberg algebra. The omplete details of the proofs
will be presented in [8℄.
Let P,Q ∈ Hq be of order m ≥ 1 and n ≥ 1 respetively. Write for k =
0, . . . , n− 1,
DkqP =
m+k∑
j=0
pk,j(M)D
j
q, with pk,j ∈ K[X ],
and, for l = 0, . . . ,m− 1, write
DlqQ =
n+l∑
j=0
ql,j(M)D
j
q, with ql,j ∈ K[X ].
By analogy with the Burhnall-Chaundy method for dierential operators, we
build up an (m + n) × (m + n)-matrix as follows. For k = 1, . . . , n, the k-
th row is given by the oeients of powers of Dq in the expression D
k−1
q P −
λDk−1q =
∑m+k−1
j=0 pk−1,j(M)D
j
q − λD
k−1
q , where λ is a formal variable. For
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k ∈ {n+1, . . . ,m+n}, the k-th row is given by the oeients of Dq in D
k−n−1
q Q−
µDk−n−1q =
∑k−1
j=0 pk−n−1,j(M)D
j
q − µD
k−n−1
q , where µ is a formal variable dier-
ent from λ. The determinant of this matrix is alled the eliminant of P and Q. We
denote it ∆(P,Q)(M,λ, µ). It is a polynomial with oeients in K.
Theorem 4.4. ([8℄) Let K be a eld and 0 6= q ∈ K be suh that {n}q = 0 if and
only if n = 0. Suppose
P =
m∑
j=0
pj(M)D
j
q (m ≥ 1, pm 6= 0)
and
Q =
n∑
j=0
qj(M)D
j
q (n ≥ 1, pn 6= 0)
are ommuting elements of Hq, and let ∆P,Q(M,λ, µ) be the eliminant onstruted
as above. Then ∆P,Q 6= 0. In fat, if qn(M) =
∑
i aiM
i (ai ∈ K) then ∆P,Q
has degree n as a polynomial in λ, and its non-zero oeient of λn is equal
to (−1)n
∏m−1
k=0 (
∑
i aiq
k·iM i). Likewise, if pm(M) =
∑
i biM
i
, then ∆P,Q has
degree m as a polynomial in µ, and its non-zero oeient of µm is equal to
(−1)m
∏n−1
k=0 (
∑
i biq
k·iM i).
Let
s = n ·max
j
deg(pj) +m ·max
j
deg(qj),
t =
1
2
· n · (n− 1) ·max
j
deg(pj) +
1
2
·m · (m− 1) ·max
j
deg(qj),
and dene the polynomials δi (i = 1, . . . , s) by ∆P,Q(M,λ, µ) =
∑s
i=0 δi(λ, µ)M
i
.
Then
(1) eah of the oeients of the δi an be expressed as
∑t
l=0 rlq
l
with the rl
in the subring of K whih is generated by the oeients of all the pj and
the qj ,
(2) at least one of the δi is non-zero,
(3) δi(P,Q) = 0 for all i = 0, . . . , s.
The reader will easily onvine himself of all statements in the theorem other
than (3). We will now sketh the main idea of the proof of (3) as given in [8℄.
The idea is as follows. Suppose λ0, µ0 ∈ K and 0 6= v(λ0,µ0) ∈ L is a ommon
eigenvetor of P and Q:
Pv(λ0,µ0) = λ0v(λ0,µ0),
Qv(λ0,µ0) = µ0v(λ0,µ0).
Then the speialization λ = λ0, µ = µ0 of the matrix of endomorphisms of L that
denes the eliminant has the olumn vetor (v(λ0,µ0), . . . , D
m+n−1
q v(λ0,µ0)) in its
kernel. Hene ∆P,Q(M,λ0, µ0) v(λ0,µ0) = 0. Now it does not follow automatially
from this that ∆P,Q(M,λ0, µ0) = 0 in Hq sine a polynomial in M might have
non-trivial kernel, as the example (M − 1)
∑
n t
n = 0 shows. However, embedding
K in an algebraially losed eld if neessary, we are able to show that there exist
innitely many suh (λ0, µ0) where we an onlude that ∆P,Q(M,λ0, µ0) = 0
in Hq. Thus the operators δi(P,Q) have an innite-dimensional kernel, and it is
possible to show that this implies that δi(P,Q) = 0 in Hq.
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It is more ompliated to show that there exist innitely many (λ0, µ0) with the
required property. The idea is to exploit the fat that v(λ0,µ0) is both in the kernel
of the operator P − λ0 of order m ≥ 1 and of the operator ∆P,Q(M,λ0, µ0) whih,
if it is not zero, is not onstant. We an desribe the kernel of a non-onstant
polynomial element p(M) of Hq and the ation of P − λ0 on it expliitly enough
to show that any suh v(λ0,µ0) is in a subspae of nite dimension whih (for xed
q) depends only on the leading oeient of P and the degree of P , but not on λ0
or µ0. Hene for the innity of pairs (λ0, µ0) that an be shown to exist, it an, by
linear independene, only for nitely many pairs be the ase that ∆P,Q(M,λ0, µ0)
is not zero. For the remaining pairs, the speialized eliminant must be zero.
4.2. Hellström-Silvestrov proof of algebrai dependene in Hq. In this se-
tion we review some ideas of the proof of Theorems 4.2 and 4.3 obtained by Hell-
ström and Silvestrov in [6℄.
Let us rst q be of free type. Then Z(Hq) is isomorphi to K, and hene our aim
is to prove Theorem 4.3. There are three ases to onsider. In the simplest ase,
when α is of the form cI for some c ∈ K, the polynomial P (x, y) = x − c satises
is annihilating for (α, β) sine α− cI = 0.
In the seond ase assume that α, β are linear ombinations of monomials with
equal degrees in A and B (denoted by α, β ⊑ K0 as in [6℄ ), and that there is no
c ∈ K suh that α = cI. Let a = degα > 0 and b = deg β. A general expression
for P (α, β), where P has at most degree b in the rst variable and at most degree
a in the seond is
(3)
∑
06i6b
06j6a
pijα
iβj .
This sum is a linear ombination of the (a + 1)(b + 1) vetors {αiβj}b;ai=0;j=0, and
all these vetors belong to the vetor spae Cen
(
2ab, 0, α
)
= {β ⊑ K0 | [α, β] =
0 and deg β ≤ 2ab}. Now the point is that it an be shown that the dimension of
this spae is stritly smaller than (a+1)(b+1). Hene there exist numbers {pij}i,j,
not all zero, whih make (3) zero. Thus there exists a P as required.
The similar algorithmi dimension growth type proof in the ase when α 6⊑ K0
or β 6⊑ K0 is the most tehnial part. It is based on appliation of [6, Theorem
7.3℄ and [6, Corollary 6.9℄ whih are proved using other onepts and results in the
book. Thus we refer the reader to [6℄ for details.
Let us now assume that q is of torsion type and that p is its order. Observe
that Hq, seen as a Z(Hq)-module, ontains a spanning set of p
2
elements, namely
{BiAj}06i,j<p. Also observe that Z(Hq), by [6, Theorem 4.9℄ and [6, Theorem 5.7℄,
is an integral domain. Hene any subset of Hq that ontains more elements than a
spanning set will be linearly dependent. Consider the polynomial
P (x, y) =
p∑
i=0
p∑
j=0
cijx
iyj
where cij ∈ Z(Hq). Clearly P (α, β) will be a linear ombination of (p + 1)
2 > p2
elements in Hq and these elements are linearly dependent. Thus there are oe-
ients {cij}06i,j6p ⊂ Z(Hq), not all zero, suh that P (α, β) = 0. This is exatly
what the theorem laims.
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